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Abstract. In a seesaw mass matrix model My = mLMl;lmI)L with a universal structure of my, < mpg, as the
origin of my, (mg) for quarks and leptons, flavor-triplet Higgs scalars whose vacuum expectation values v;
are proportional to the square roots of the charged lepton masses m.;, i.e. v; & \/m;, are assumed. Then, it
is investigated whether such a model can explain the observed neutrino masses and mixings (and also quark

masses and mixings) or not.

1 Introduction

It is widely accepted that quarks and leptons are funda-
mental entities of matter. If it is true, the masses and
mixings of the quarks and leptons will obey a simple law
of nature, and we will be able to find a beautiful relation
among those values. If we can find such a relation, it will
make a breakthrough in the unified understanding of the
quarks and leptons. As one of such phenomenological mass
relations, the charged lepton mass formula [1-3]

me—l—m#—l—mT:z (\/me—I—\/mﬂ-|-\/mT)2 (1)

has been known. The formula (1) predicts the tau lepton
mass value

m, =1776.97 MeV , (2)

from the observed electron and muon mass values [4],
me = 0.51099892 MeV and m, = 105.658369 MeV. The
predicted value (2) is in excellent agreement with the ob-
served value [4] m, = 1776.997022MeV. This excellent
agreement seems to be beyond accidental coincidence, so
that we should consider the origin of the mass formula (1)
seriously. Up to the present, the theoretical basis of the
mass formula (1) is still not clear. However, although it is
still important to pursue the origin of the relation (1), in
the present paper, another approach will be taken: we as-
sume the so-called universal seesaw mass matrix model [5—
21] for an explanation of the charged lepton mass relation
(1) and it is investigated whether the seesaw mass matrix
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model can also explain the observed quark and neutrino
masses and mixings or not when the mass matrix param-
eters are settled by the observed charged lepton masses.

In order to obtain a clue to a unified description of the
quark and lepton mass matrices, let us see the phenomeno-
logical features of the relation (1). The charged lepton mass
formula (1) has the following peculiar features:

(a) The mass formula is described in terms of the root
squared masse /Me;.

(b) The mass formula is invariant under the exchanges
VMei & V/Mej-

(c) The formula gives a relation between mass ratios
\/Me/my, and /m,/m., whose behaviors under the
renormalization group equation (RGE) effects are dif-
ferent from each other. Therefore, the formula (1) is not
invariant under the RGE effects. The formula is well
satisfied at a low energy scale rather than at a high
energy scale.

If we take the feature (c) seriously, we must abandon
the idea that the mass spectrum originates in the structure
of the Yukawa coupling constants Y., because, in general,
the Yukawa coupling constants are influenced by the renor-
malization group equation (RGE) effects. Even if the mass
spectrum satisfies the relation (1) at a unification energy
scale i = Mx, the mass spectrum at a low energy scale will
satisfy the relation (1) no longer. We should consider that
the Yukawa coupling constant Y, has a unit matrix form
which is not affected by RGE effects. Instead, we consider
that the mass spectrum originates in the vacuum expecta-
tion values (VEVs) v; of three Higgs scalars ¢; (i =1,2,3)
at a low energy scale.

Feature (a) suggests that the charged lepton mass spec-
trum does not originate in the Yukawa coupling structure
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at the tree level, but that it is given by a bilinear form
on the basis of some mass-generation mechanism. For ex-
ample, in [3,22-24], a seesaw-like mechanism [5—-21]! has
been assumed: M, = mMglmT, where Mg is a mass ma-
trix of hypothetical heavy leptons. As suggested from fea-
ture (c), we consider that the matrix m is given by m;; =
5ij’Uj.

The feature (b) suggests that the theory is invariant
under a permutation symmetry S; [25—28]. We will adopt
an idea that what is essential is not a structure of the
Yukawa coupling constants, but a structure of the vac-
uum expectation values (VEVs) of flavor-triplet (3-family)
Higgs scalars [3, 23, 24]. In this idea, the VEVs v; satisfies
the relation

2

5 (vt +us)” . (3)
(For the derivation of the relation (3), for example,
see [29].) Then, the charged lepton mass relation (1) is un-
derstood from a seesaw-like mechanism:

2 2 2
Ul +'U2 +'U3 =

Me:mLMglm;7 (4)
1 .

my = MR = yediag(vy, v2,v3), (5)

ME:,U,E]_E,U,Ediag(l,l,l), (6)

where m1, and mg are Dirac mass matrices for fermions
(ér, Eg) and (EL, eR), respectively, and M is a mass ma-
trix of the hypothetical heavy charged leptons E;.

Stimulated by the successful derivation [29] of the VEV
relation (3), in the present paper, we will investigate pos-
sible seesaw mass matrix structures of the quarks and lep-
tons

M =mp Mz ml, (7)

by introducing heavy fermions 10}, + 107, + 17, (1=1,2,3)
of SU(5) in addition to the conventional quarks and lep-
tons Br; + 10r; as shown in Fig. 1. Here, we assume that
the VEVs of the flavor-triplet Higgs scalars 5g; + 555 + 154
have the same structures which satisfy the relations (3).
We consider that a variety of the mass spectra and mixings
of quarks and neutrinos is caused by a variety of the struc-
tures of the heavy fermion mass matrices M. As suggested
by feature (c), we want the the mass scale of M to be as
low as possible. We will build a seesaw mass matrix model
with Mg of the order of 10 TeV for the quark sectors.

Note that although the relation (3) is a motivation for
investigating the present model (Sect. 2), it is not essen-
tial in the present paper whether the relation (3) is a fun-
damental law or merely accidental. The purpose of the
present paper is to demonstrate that we can explain the ob-
served neutrino (and also quark) masses and mixings with
the same values as the parameter values v; which are fixed
by

(%1 V2 V3 1
V/Me My Ve /me+my+mg

(8)

1 The seesaw model for charged particles is known as the
“universal seesaw model”.
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Fig. 1. Seesaw mass generation of the quark and leptons:
a charged lepton and down quark mass matrices M. and My,
b up quark mass matrix M, and ¢ neutrino mass matrix M,

in the charged lepton sector. In the present paper, we do
not inquire into the origin of the values of v;. In the present
standpoint, the relation (1) is a phenomenological fact, but
it is not a theoretical result. When we accept a seesaw mass
matrix form (7) which is motivated from the empirical rela-
tion (1), our interest is in how we can obtain the reasonable
values of the quark and neutrino masses and mixings under
the seesaw mass matrices (7) with a universal structure
of my, (and mg), but with sector-dependent structures of
Mp. In Sects. 3 and 4, we will assume a permutation sym-
metry S3 for the structures of Mp.

2 Fundamental fermions and scalars

Suggested by the features (a), (b) and (c) discussed in
Sect. 1, in this section, we discuss the seesaw mass ma-
trix form (7) concretely by introducing some additional
heavy fermions. For convenience, we use notation and con-
ventions in an SU(5) GUT model for fermions and Higgs
scalars, although we do not consider a gauge unification.
If we consider the unification of the gauge coupling con-
stants, it will be badly spoiled because there are many new
particles in the present model. Nevertheless, we consider
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that the SU(5) scheme is useful for the description of the
Yukawa interactions. In the present model, we have the fol-
lowing fermions and Higgs scalars:

(5L + 1OL)(+) + (1/L + 1O,L + 10£)(,) + (1H +55 +5H)(7)
+ ) (9)

where the indices (+) denote transformation properties
of a discrete symmetry Z,. [Here, IOL and 5y are not
Hermitian conjugates of 10; and 5p, respectively, and
IOL and 10}, (5g and 5p) are particles completely dif-
ferent from each other.] Therefore, we have the follow-
ing Yukawa interactions: 1015155, 10710054, 1{5L5H,
10,107 15, 10;101%;, and 1/1} 1%;. Here and hereafter,
for convenience, we denote interaction terms as if those
are superfields. However, if we take those SUSY partners
into consideration at a low energy scale, the SU(3) color
force cannot become asymptotically free. Therefore, we use
those SUSY notations as an expedient. In other words, we
assume the absence of the supersymmetric partners of the
fields (9) at a low energy scale.

Our essential assumption is as follows: the Higgs po-
tentials for the scalars 5y, 5y and 1y with the same Z,
charges have the same structure. This suggests that the
scalars (55 + 5 + 1) will belong to the same multiplet in
a higher flavor symmetry. (However, in the present paper,
we will not go into the investigation of such a higher sym-
metry.) As aresult, the VEVs of the scalars 5, 57 and 11
take the same structures of the VEVs,

(5mi) =vuzi, (Bmi) =vazi, (lmi)=wvszi, (10)
where z; are normalized as 27 + 22 + 23 = 1, and they sat-
isfy the relation (3), i.e.

2
z%—l—zg—l—z%: 3(zl+22+23)2 ,

(11)

at the low energy scale p = My. Hereafter, for numerical
estimates of the neutrino and quark mass matrices, we will
use the values of z;:
z1 - z9 - z3 - 1
Ve My Jme met+myu+my
i.e. z1 =0.016473, 25 = 0.23678 and z3 = 0.97140.

On the other hand, we assume that the couplings of
those Higgs scalars with fermions are structure-less:

Yu Z 107,105 + ya Z 101,505 i + Y Z 11,505 1

(12)

+ys Y 101, 101:15; - (13)

For convenience, hereafter, we denote the fermion mass
/
terms p10107,107, as

10£(M10)10£ =UL; (M?o)ij Ur; + Dy <M?o)ij Dy
+Ug; (Nlljo)ij 01%;‘ + Eg; (M{%)ij Eﬁj )
(14)
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where we have denoted the heavy fermions as 10f =
[(ULv_DL)’ Uﬁ,Eﬁ] and 10/L = [(ULv DL), Uﬁ,Eﬁ] (Note
that Uy, is not the Hermitian conjugate of Uy, and so on.)
Then, from the seesaw diagrams shown in Fig. 1, we obtain
the following quark and lepton mass matrices:

-1

(Me)ij = YdYsVdUsz; (MlEE))lJ Zj (15)
—1
(Ma)yy = yaywvavez (i) % (16)
A uy—1
(Mu)ij = YuYsUuVsZq |:(/1410) + (,Ulo) :| - Zj,
ij
(17)
-1
(M,)ij = yovizi (ys(Lg))s; % - (18)

Here, we have supposed

(1) ~102GeV, pip~10*GeV, (1%)~10 GeV.

(19)

Although the scalar 1%; can couple not only to 17 17, but
also to 107,10}, the contributions (1’;)~! in the mass ma-
trices My (f = e, u,d) are negligibly small compared with
(k10) ™

In order to explain the relation (1), we must take
(,UflE())ij = ,ul()éij so that

_ YdVdYsUs

(Me)ij = zi5ijzj . (20)
H1o

At present, we do not inquire why the mass matrix puf}
is structure-less. We consider that the matrices Mp are,
in general, not structure-less, and their structures are de-
pendent on the sectors, so that mass spectra and mixings
individual sectors appear.

The present model is based on a multi-Higgs model,
because our Higgs scalars 55 and 5y are flavor-triplets.
In general, such a model leads to serious trouble, i.e. the
flavor-changing neutral current (FCNC) problem. How-
ever, since our Higgs scalars 5 and 55 couple to the
quarks and leptons not directly, but via 1075155 and
101,100,551, the FCNC problem in the present model can
substantially be evaded. Roughly speaking, when we de-
note the mass matrices M, and My given in (16) and
(17) as My =mLMg, 'm, symbolically, the effective in-
teractions of qq with the Higgs scalars ¢ (5y or 5p)
are given by ngMélmsq, so that the effective FCNC
interactions through ¢ are suppressed by the order of
(Mg'mys)? ~ 10~ Therefore, the FCNC effects practi-
cally become invisible.

3 Quark mass matrices

In order to obtain realistic quark mass matrices, we must
consider that the quark sectors in the heavy fermion mass
terms (14) have some structures differently from the lep-
ton sector uf). The Yukawa interaction (14) is invariant
under the permutation symmetry S3. (The form (14) is not
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a general form of the S3 invariant Yukawa interactions. The
form is constrained more than the S3 symmetry.) There-
fore, we assume that the heavy fermion mass matrices pf,
(F=Q,U) are also S3 invariant. We concretely assume
that ufy (F = Q,U) are diagonal on the (Fy, F,, F,) basis,
ie.

Mp (FﬂFﬂ—i—FnFn) +MgsF,F,, (21)
after the SU(5) symmetry was broken, where F, and
(Fr, F,)) are the singlet and doublet of S3, respectively, and
those are defined by

FTr Fl
F|=4(F (22)
Fa F3
I
A: \{6 \{2 _i/ﬁ . (23)
V3 V3 VB

Then, the inverse of the heavy fermion mass matrices,
(k) 1, are given by

(ufy) " = ATdiag (Mp", Mp', Mg') A

1 1
= 1-X X 24
2, A=)+ X, 29
where
1 00 1111
1={0 1 0|, x=_[11 1|. (2)
00 1 3\1 11

In other words, the fermion mass matrices ufy are given by
the following S5 invariant form:

(Mfo)ij = pao (1i5 +3brXi5) (26)
where 3bp = ME/ME — 1. The case in the charged lepton
sector corresponds to the specific case with Mp = Mg, i.e.
the case of by = 0.

The quark mass matrices M, and My with the forms
(26) have already been investigated in [30,31] as the so-
called “democratic universal seesaw mass matrix model”,
where it has been found that the values b, = —1/3 and
bg = —e'? (B =~ 20°) can give reasonable quark masses and
the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix
parameters. In the present model, the parameters (bq, by,)
in [30, 31] correspond to (bg, b)), so that we take

1

3
As pointed out in [30, 31], for the choice by = —1/3, there
is no inverse matrix of uY, (i.e. det(u}}) = 0), so that one of
the up quark masses has a mass of the order of v,,, and we

identify it as the top quark mass. Another prediction from
by = —1/31is [30—32]

bo~—e? (3~20°), by=~-— (27)

3me
~ . 28

My

me
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Also, the choice bg ~ —1 leads to the relations [30, 31]

Me My Mg memy,
my  m, m? m2
m m .

“~3 "3 smﬂ . (29)
mq Me 2

Since the purpose of the present model is to give the out-
line of the model, we do not give a numerical re-fitting of
the values (bg,by). We also do not reject the possibility
that there is another parameter set (bg, byy) which leads to
favorable quark masses and CKM parameters.

4 Neutrino mass matrix

In the present section, we investigate whether the model
given in Sect. 2 in order to understand the charged lep-
ton mass formula (1) can explain the observed neutrino
masses and mixings or not. Obviously, if (1%;) in (18) is also
structure-less, i.e. if (1%;) has a unit matrix form, the neu-
trino mass matrix M, becomes a diagonal mass matrix as
well as the charged lepton mass matrix M., so that we can
obtain neither neutrino mixings nor reasonable neutrino
mass spectrum. Also, if we assume that Mg = ys(1’;) has
the same structure as Mg (26) in the quark sectors, we will
find that such a model cannot explain the observed neu-
trino data [33, 34]. The purpose of the present section is to
investigate what additional assumptions are needed for the
explanation of the observed neutrino data.

In the expression (18) of the neutrino mass matrix M,
we have already assumed that the heavy fermion mass
terms p11p1;, are sufficiently large to be neglected com-
pared with the contribution of (1%;). We consider that the
observed peculiar structure of the neutrino mass matrix
comes from the interactions among the heavy particles,
11,11, 1%. We assume the following simple S3 invariant form
for the interactions 1f 17 1%

(yS)ijkllLille }Ik = yS(lil 1£2 1£3)
1iHl 1iH3 1}12 1;1
X 1}5{3 1{{2 1}71,1 1/L2
Vo Vg s Its

(30)

(Of course, the form (30) is not a general form of the S3
invariant cubic interactions. Only when we require both
a cyclic permutation symmetry and the S35 symmetry, the
possible forms of the Yukawa interactions are confined
in the two forms (13) and (30).) When we denote the
VEVs of 1% as (1%y;) = vsZ; with a normalization condi-
tion Z 4+ Z3+ Z2 =1, from (18), we obtain the neutrino
mass matrix

M,, =mg X
Z% (Z12 — ZQZ3) Z1%2 (Z?? — Z1Z2) 2123 (Z22 — Z1Z3)
2120 (23— Z1Zs) 23 (23 — Z1Z3) 2223 (27 — Za2Z3) |,

Z1%23 (222 — 21Z3) Z9Z3 (Z12 — Zng) Z?% (Z§ — leg)
(31)
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where mo = (y2v2 Jysvs)/(Z3 + Z3 + Z3 —3Z1Z5Z3). In
order to obtain a nearly bimaximal mixing, we must take
z9 Z2 ~ 23Z3.

The parameters Z; are free from the values z;, because
the VEVs (1%;) may have different values from the VEVs
of (55 +5m + 1x). However, from an economical point of
view of the parameters, we are interested in the case that
the parameters Z; also satisfy the relation (3) as well as
zi. Considering the phenomenological requirement zoZs >~
2373, by way of trial, we assume

(Z1, Z2, Z3) = (21, 23, 22)- (32)

Since the energy scales of (1%;) and (1) are different from
each other (i.e. (17;) ~ 10 GeV and (1g) ~ 102 GeV), we
do not consider that the relation (32) is exact at a low en-
ergy scale.

At present, we do not know the origin of such the inver-
sion 2 <> 3, and it is a pure phenomenological assumption.
Although we can obtain favorable predictions of the neu-
trino masses and mixings for the trial choice (32) as we
show below, we can also obtain favorable results for suit-
able parameter values of (Z1, Z2, Z3) without the assump-
tion (32). The choice (32) is merely one of the successful
parameter values Z;. The relation (32) is not an essential
assumption in the present model.

For the trial choice (32), we find the following numerical
results:

my1 = 0007377710 s my2 = 0.01651m0 y

my3 = 0.09965mo (33)
0.8011 —0.5904  0.0985
U= (04532 04907 —0.7442 | , (34)
0.3911 0.6408  0.6607
so that we obtain
A 2
R="""21 20023, (35)
Amg3,
sin? 26,5 = 0.97, (36)
tan? 015 = 0.54, (37)

which are in good agreement with the present observed
best-fit values [35,36] R~ (7.9x1075)/(2.8 x1073) =
0.029, sin? 20,4, = 1.0 and tan? Ogorar = 0.407050. Tt is
worth noticing that we do not have any free parameter in
the neutrino sector except for the postulate (32). Of course,
if we take slight deviations from the assumption (32), we
can obtain more excellent agreements with the observed
values. Thus, at least, we can say that we are going in the
right direction.

If we put m,3 = \/Am?2

atm

=0.053 €V, then we obtain

my,1 =0.0039eV, m,2=0.0088¢V, m,3=0.053¢€V.

(38)
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5 Concluding remarks

The purpose of the present paper is not to explain the
charged lepton mass formula (1). When we consider that
the relation is remarkably satisfied at a low energy scale,
we inevitably reach the idea that the mass spectrum origi-
nates not in the Yukawa coupling structure at a unification
energy scale, but in the VEV structure of a three-flavor
Higgs structure at the low energy scale. The purpose of the
present paper is also not to investigate the validity of the
mass matrix (4) for the charged leptons. Our interest is in
an extension of the mass matrix (4) to mass matrices of the
quarks and neutrinos. The purpose of the present paper is
to investigate whether such a model can or cannot also ex-
plain the observed quark and neutrino masses and mixings
with the universal structure of my, (mg) which is fixed in
the charged lepton sector.

In Sect. 2, we have assumed the additional fermions
10 + 10; +11.. If we consider other models, for example,
with 57 + 5;, we will encounter some troubles when we try
to build a universal seesaw model for quarks and neutrinos.
Only the choice 10f, + 10; + 11, yields a natural extension
of the seesaw mass matrix model for charged leptons (with
Mg ~ 10* GeV) to a model for the quarks and leptons. The
essential assumption in Sect. 2 is (10), i.e. the VEV struc-
tures of the scalars 5y + 5 + 15 are universal. Then, our
interest was whether such a model can also explain the ob-
served quark and neutrino masses and mixings or not.

For quark sectors, we have assumed that the heavy
fermion mass terms are invariant under the S5 symmetry,
i.e. the heavy fermion mass matrices Mp = ufj, take the
form (21), which leads to the democratic seesaw mass ma-
trix form (24). We can find the parameter values which can
give reasonable quark masses and CKM mixing parameters.

For the neutrino sector, our essential assumption is the
Ss3 invariant interactions (30) of the heavy fermions 17.
Then, the parameters Z; = (1%;,) can take values which
can give reasonable values of the neutrino masses and
mixings. Especially, it is interesting that the values also
satisfy the relation (3) as well as v; = (¢;) (¢ = 5mi,
5Hi and lHi)~ The choice (Zl, ZQ,Z3) = (21,23,22), (32),
can give Am2 . /Am2, = 0.023, sin® 20,4, = 0.97, and
tan? fso1ar = 0.54. (Of course, those are not inevitable pre-
dictions in the present model. The choice (32) is merely an
example of the parameter choice.)

The present model, at present, can give neither gauge
unification nor a SUSY scenario. However, we may say that
the three-flavor Higgs model with the VEVs v; o< /me; has
the possibility to explain quark and lepton mass matrices
with the same parameter values of v;. The investigation
of the possibility that the fermion masses are closely re-
lated to the VEVs of three-flavor Higgs scalars is just in the
beginning.
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